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The structures and energies of oxygen-deficient rutile TiO2 were calculated using density-functional theory.
The electronic interactions are described within the LDA+U formalism, where on-site Coulomb corrections
are applied on the 3d orbital electrons of Ti atoms �Ud� and 2p orbital electrons of the O atoms �Up�. We show
that the Ud parameter affects only the character of the conduction band and values higher than 7 eV produce
an unphysical description of the electronic interactions. The results are dramatically improved, when correla-
tion corrections are introduced additionally on the O 2p orbitals by employing the LDA+Ud+Up approach,
and we observe systematic shifts for both the valence and conduction bands. This combined approach produces
a corrected energy band structure and the band-gap energy is in very good agreement with experimental data.
Using this approach for the oxygen-deficient structure, in the case of a neutral oxygen vacancy we find that the
electrons from the Ti nearest to the vacancy become localized and induce defect states within the band gap, in
very good agreement with experiment and other theoretical calculations. Additionally, these defect states are
strongly limited on the three Ti atoms surrounding oxygen vacancy. The doubly positively charged oxygen
vacancy is found to be more stable than neutral oxygen vacancy in most range of Fermi level and the
vacancy-formation energies show significant dependence on the deposition conditions, i.e., Ti- or O-rich
environments.
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I. INTRODUCTION

Titanium dioxide, a material with a wide variety of appli-
cations, is used as photocatalyst, gas sensor, and semicon-
ducting electrode in solar-cell devices. In addition, increased
interest in the properties of TiO2 emerged recently,1 due to its
“memristive” switching behavior in resistance random ac-
cess memory applications, and it was proposed to be a strong
candidate for the next generation of nonvolatile memories.
The resistance switching behavior is controlled by the ap-
plied voltage or current pulse at the electrodes. Lattice de-
fects in the bulk oxide or near the interface with the electrode
are currently believed to play an important role in the switch-
ing between the resistive off state to a more conductive on
state in this material. Based on experimental observations,
several resistance-switching models have been suggested so
far for transition-metal-oxide-based devices, such as charge
trapping,2 conductive filament formation,3 Schottky barrier
modulation,4 and electrochemical migration of point
defects.5 However, the underlying principles of the switching
mechanism are still lacking a detailed understanding, i.e.,
how to control and modulate the electrical characteristics of
devices incorporating defects and impurities, such as oxygen
vacancy, Ti interstitials, hydrogen, and other metallic atoms
acting as dopants. In fact, several previous studies have
shown that TiO2 exhibits n-type semiconducting conductiv-
ity with extra electron carriers generated by the formation of
oxygen vacancies.6,7 Reduced TiO2, in the phase diagram of
the Ti-O system,8 corresponds to several stable titanium-
oxygen phases that exist between Ti2O3 and TiO2, and there-
fore the oxygen vacancy can become the major point defect
observed in TiO2. The role of oxygen vacancies in TiO2 has
been extensively studied during the past decades by various
experimental and theoretical methods; however, the effect of

oxygen vacancy on the electronic band structure remains
controversial. The experimental results of Cronemeyer7

showed that two energy levels are generated by oxygen va-
cancy at 0.75 and 1.18 eV below the conduction-band mini-
mum. However, Ghosh et al.9 observed eight different en-
ergy levels within the band gap on the oxygen-deficient rutile
TiO2 sample. Theoretical study of Chen et al.10 on reduced
rutile TiO2 showed that a defect state was produced 0.87 eV
below the conduction-band minimum for neutral oxygen va-
cancy and 1.78 eV below the conduction-band minimum for
positively charged oxygen vacancy. They employed an
embedded-cluster numerical discrete variation method. An-
other investigation based on a semiempirical self-consistent
method using the tight-binding model observed the oxygen-
vacancy defect state at 0.7 eV below the conduction-band
minimum. On the other hand, local-density approximation
�LDA� calculation of Cho et al.11 observed the oxygen-
vacancy defect state above the conduction band. Another the-
oretical study of Ramamoorthy et al.12 using ab initio self-
consistent pseudopotential total-energy calculations found
that oxygen vacancies introduce defect state at 0.3 eV below
the conduction-band minimum. In this paper, we discuss the
effect of electronic correlations on the energy band gap,
atomic relaxation, charge density, and vacancy-formation en-
ergy of rutile TiO2 by using density-functional theory and the
LDA with the addition of on-site Coulomb corrections
�LDA+U� method.13

In the past decade several theoretical investigations em-
ployed the local-density and the gradient corrected approxi-
mations to calculate the electronic structure of TiO2.14–16 Go-
ing beyond LDA, recent theoretical developments of
exchange and correlation functionals, as the addition of the
on-site Coulomb correction within LDA+U,13 dynamical
mean-field theory approaches,17 the progress in hybrid
functional,18 and GW implementations19 have been shown to
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correct for some of the most severe shortcomings of the con-
ventional LDA, i.e., the accurate prediction of the energy
band gap and electronic defect states in transition-metal ox-
ides.

Previous LDA+U studies,20,21 however, did point to the
fact that the energy band gap of rutile TiO2 strongly depends
on the U parameter, when the correction is applied on the
Ti d orbitals and remains still underestimated compared to
the experimental energy band gap of 3.0 eV, even at high
values of U. A few earlier theoretical studies on transition-
metal systems22,23 discussed the effect of on-site Coulomb
corrections on the p electrons �Up� of the oxygen in addition
to the d electrons �Ud� of the transition metal. According to
Nekrasov et al.,24 when self-interaction correction is imple-
mented only to the d orbitals, the oxygen p orbitals do not
shift from the LDA obtained positions and the occupied d
band lies much lower than oxygen valence band. In order to
improve this situation, self-interaction correction must be ap-
plied to all valence states including oxygen p orbitals. There-
fore the correct description of the energy splitting between
occupied and unoccupied orbitals can be obtained. Several
theoretical studies has already reported about the effect of Up

values.25–27 In the present study, we discuss the effect of Up

and Ud on the band structure of TiO2 and show that the
LDA+U method provides an improved band gap and posi-
tion of the gap states if both Ud and Up are used. We estab-
lish an upper limit Ud based on electronic structure of the
conduction band, where unphysical overlap between the t2g
and eg states is observed at values of U higher than 7 eV.
Charged vacancy configurations had been investigated for
the optimum Ud and Up and a transition from the 2+ to 1+
and 1+ to neutral state is predicted at 0.7 eV and 0.1 eV,
respectively, below the conduction band for the relaxed Ti-
rich and O-rich samples.

II. COMPUTATIONAL METHODS

Density-functional calculations using the Vienna ab initio
simulation package, �VASP� �Refs. 28–31� were carried out
for the study of oxygen deficient rutile TiO2. We used the
LDA+U method for the description of the exchange and
correlation energy of electrons. An energy cutoff of 353 eV
was employed for the plane-wave expansion of electron
wave functions. The ionic potentials are described by projec-
tor augmented-wave �PAW� pseudopotentials.30 For k-point
integration within the first Brillouin zone, 8�8�12
Monkhorst-Pack grid for primitive cell and 4�4�4
Monkhorst-Pack grid for supercell were selected. A pseudo-
atomic calculation was performed for O 2s22p4 and
Ti 3s23p63d24s2 states of valence electrons. All atoms were
allowed to relax with energy convergence tolerance of
10−6 eV /atom and ground state was obtained by minimizing
the force on each atom less than 0.001 eV /Å.

The oxygen vacancy was introduced within 2�2�3 su-
percell of rutile TiO2 so that it consists of 24 Ti and 47 O
atoms. A larger supercell of 3�3�4 with a total of 72 Ti
and 143 O atoms was used to check for finite-size effects,
and it was found that the vacancy-formation energy value
changed only by 0.15 eV. On-site Coulomb correction be-

tween the p-orbital electrons of O �Up� has been applied in
addition to the correction for the d-orbital electrons in Ti
�Ud�. This approach will be referred to as LDA+Ud+Up

through this paper. In order to find the optimum Ud and Up

parameters, we applied various Ud and Up ranging from 3 to
9 eV and investigated their effect on the band structure. For
the exchange parameter J �Ref. 32� a value of 0.6 eV was
used.

III. RESULTS AND DISCUSSION

A. Bulk properties of rutile TiO2

We first performed ab initio calculations for bulk rutile
TiO2. The unit-cell structure of rutile TiO2 is illustrated in
Fig. 1. Six O atoms, forming a distorted octahedral structure,
surround the Ti atoms. Due to the different Ti-O bond
lengths, Ti 3d orbitals will split into two sets of t2g and eg
orbitals. eg orbitals are associated with the upper conduction
band and point at surrounding six oxygen atoms forming �
bonds. On the other hand, oxygen atoms are surrounded by
three Ti atoms in a planar geometry. 2p orbitals of O atoms
make three � bonds with eg orbitals of the surrounding Ti
atoms. The partial density of Ti and O states of rutile TiO2
for both LDA and GGA are shown in Fig. 2. The Fermi-level
position is set to 0 eV. The valence-band states are mainly
composed of O 2p hybridized with Ti 3d orbitals, and the
top of the valence band is dominated by O 2p states. The

FIG. 1. �Color online� Unit-cell structure of rutile TiO2. Small
light blue ball denotes a Ti atom and big red one an O atom. Each
Ti atom is surrounded by six O atoms.

FIG. 2. �Color online� Partial density of states of Ti 3d orbital
�solid line� and O 2p orbital �dotted line� calculated with LDA. The
top of the valence band is set to the zero of energy.
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valence-band width of 6 eV is in good agreement with ex-
perimental measurements, which are in the range of 5–6
eV.33,34 On the other hand, the conduction-band states have
Ti 3d states with weak hybridization with O 2p states. The
two peaks in the conduction band are a result of the ligand
field splitting of the Ti 3d orbitals into two sets of t2g and eg
states. We find no significant difference in the electronic
structure obtained with LDA or GGA methods, both under-
estimate the band gap by about 44%.

There is no general consensus for LDA+Ud about how to
find the optimum Ud value. Calzado et al.20 suggested that a
Uef f

d value �Uef f
d =Ud−J� of 5.5�0.5 eV gives a correct de-

scription of the defect state using the LDA+U implementa-
tion in the VASP code. On the other hand, Deskins and
Dupuis35 chose a Uef f

d value of 10 eV using the same code
which is found a band gap in satisfactory agreement with
experiment for rutile TiO2. In most LDA+Ud studies of
transition-metal oxides, Ud values are fitted in an empirical
way, but schemes based on theoretical determination of the
U parameter had been also performed.36 In order to investi-
gate the effect of Coulomb correction for both Ti 3d orbital
electrons and O 2p orbital electrons, we have employed sev-
eral calculations, in which a range of Ud and Up values were
chosen. For validation, we have considered the structural pa-
rameters of rutile TiO2, i.e., lattice constants and bulk modu-
lus, the band-gap energy, the position of the defect state and
vacancy-formation energy. Table I shows the structural pa-
rameters and band-gap energies calculated with increasing
Ud value and in comparison with experimental results. Both
lattice constants are found to increase with increasing Ud,
however, the dependence of the bulk modulus on the Ud is
negligible. The band-gap energy is increased with increasing
Ud values from 3 to 9 eV, from a value of 1.79 eV obtained
with the conventional LDA to 2.50 eV. This is in agreement

with previous theoretical investigations,12 however, the band-
gap energy is still underestimated compared to the experi-
mental band-gap energy of 3.0 eV. This indicates that the
LDA+Ud approach may not be adequate to calculate the
electronic structure of rutile TiO2. To improve on the on-site
Coulomb corrections we propose to include additional cor-
rections for the oxygen 2p orbitals �Up�. Figure 3�a� shows
the density of states calculated by LDA+Ud, where Ud

ranges from 3 to 9 eV and Fig. 3�b� corresponds to
LDA+Ud+Up calculations, where Ud is fixed to 8 eV and Up

ranges from 3 to 9 eV. The Fermi level is scaled to zero of
energy. In order to more clearly show the difference among
various U parameters, we have shown only the positive spin
density of states although the density of states of TiO2 had
been calculated as a spin-polarized system.

For a better understanding of the effects of Ud and Up, we
evaluate the band structure calculated employing LDA+Ud

and LDA+Ud+Up, presented in Fig. 4. In the case of in-
creasing Ud, while the conduction-band minimum is shifted
upward, the valence band is not affected as shown in Fig.

TABLE I. Comparison of structural parameters a �Å� and c �Å�,
bulk modulus B �GPa�, and band-gap energy Eg �eV� calculated by
LDA+Ud with experimental results.

Ud

�eV�
a

�Å�
c

�Å� c /a
B

�GPa�
Eg

�eV�

Expt. �Ref. 37� 4.584 2.953 0.644 284 3.00

GW �Ref. 38� 4.594 2.958 0.644 4.80

HSE �Ref. 39� 4.590 2.947 0.642 3.05

HSE �Ref. 40� 4.600 2.962 0.644 256 3.25

PW1PW �Ref. 41� 4.59 2.98 0.649 234 3.54

LDA �Ref. 11� 4.563 2.914 0.637 265 1.7

GGA 4.644 2.975 0.641 222 1.78

LDA 4.557 2.929 0.643 258 1.79

LDA+Ud 3 4.572 2.957 0.647 255 1.96

4 4.579 2.969 0.648 254 2.04

5 4.585 2.982 0.650 253 2.12

6 4.591 2.994 0.652 252 2.21

7 4.597 3.005 0.654 251 2.30

8 4.603 3.016 0.655 250 2.40

9 4.610 3.027 0.657 248 2.50

FIG. 3. The density of states obtained by �a� LDA+Ud and �b�
LDA+Ud+Up. The top of the valence band is set to the zero of
energy. Ud and Up range from 3 to 9 eV and Ud is fixed to 8 eV in
the case of �b�.

FIG. 4. The energy band structure and density of states calcu-
lated by �a� LDA+Ud and �b� LDA+Ud+Up. Fermi level is not
scaled at the zero of energy.
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4�a�. However, calculations involving LDA+Ud+Up show
an upward shift of the conduction band as well as a down-
ward shift of valence band, as shown in Fig. 4�b�. The on-site
Coulomb correction Ud+Up increases the splitting between
occupied and empty energy states, since the correction is
dependent on the occupancy of the orbitals.24 The energy
states change character with Ud at several points, but, in
particular, they are more severely affected at the � point.
Figure 4�a� shows the band structure corresponding to
Ud=3, 6, and 9 eV and in Fig. 4�b� Ud=8 eV is fixed while
Up=3, 6, and 9 eV.

It has been shown that rutile TiO2 presents characteristics
of a charge-transfer insulator.11 Thus increased energy sepa-
ration between Ti 3d and O 2p bands results in higher
charge-transfer energy and ultimately leads to a more ionic
character. The electronic population function corresponding
to each individual atom was calculated using the Bader
charge analysis. We find that by applying both Ud and Up,
the electron population on each Ti atom is reduced by 0.358e
while that on each O atom is increased by 0.179e, indicating
that the on-site Coulomb correction predicts a more ionic
bonding character.

The calculated band gap is around 3.0 eV for Ud+Up

�8+6, 8+7, 8+8 eV� in good agreement with the experi-
mental value.37 The calculated structural parameters and
band-gap energies for several combinations of Ud and Up are
shown in Table II. We find that the correction on the energy
band gap due to Up is comparable to that due to Ud, indicat-
ing that the adequate description of the on-site Coulomb in-
teractions of the p-orbital electrons of O atom is as signifi-
cant as is for the metal d-orbital electrons, a feature also
observed by Nekrasov et al.24 for other transition-metal
oxides.

B. Oxygen vacancy in TiO2

It is well known that the oxygen vacancies play an impor-
tant role in the electrical conductivity of TiO2. We first em-
ployed LDA+Ud method in the calculation of electronic
structure of 2�2�3 TiO2 supercell incorporating one oxy-
gen vacancy. Total density of states for several values of Ud

ranging from 3 to 9 eV is shown in Fig. 5�a�. The conven-
tional LDA yields no defect state in the band gap �not

shown�. As Ud value increases, the conduction bands shift
toward higher energy states, and thus the defect state is sepa-
rated from conduction band for Ud values larger than 5 eV.
The distance between the localized defect state and the top of
the valence bands is constant, regardless of the Ud value.
With the removal of an oxygen atom a neutral oxygen va-
cancy is created, two electrons that previously occupied oxy-
gen 2p orbitals become localized. These electrons may be
responsible for the n-type transport behavior6,7 depending on
the position of the defect states in the band gap. Therefore,
the correct prediction of the defect state has important impli-
cations for applications and methods beyond LDA are nec-
essary to employ. We find that the defect states generated by
oxygen vacancy shows mainly Ti 3d character and minor
O 2p, indicating a high localization of the two electrons from
the three nearest-neighboring Ti atoms surrounding the oxy-
gen vacancy. Pointing to the limitation of using large Ud, an
additional defect state in the band gap is observed for Ud

=8 and 9 eV. We find that this defect state is an artifact
caused by the large Ud, its origin is unphysical and different
from that of the previous defect state. The effect of the in-
creasing Up is shown in Fig. 5�b�, the valence band is gradu-
ally shifted downward, and the position of the defect state is
not affected.

In rutile TiO2, due to the different bond lengths, the three
Ti atoms surrounding the oxygen vacancy are grouped as two
atoms of type-I Ti and one atom of type-II Ti. These Ti atoms
and oxygen vacancy are in the same plane �110�. The partial
densities of states of the Ti atoms surrounding the oxygen
vacancy are displayed in Fig. 6, calculated for Ud=7 and 8
eV. There is only one defect state on type-II Ti atoms for
Ud�7 eV, indicating that the two electrons which are left
behind by the removed oxygen are strongly localized on the
3d orbitals of the three Ti atoms. These two electrons are
occupied by a spin-up and spin-down defect states which are
localized at the same energy level. �The spin-down density of
states is not shown.� Then, an additional defect state of small
intensity on type-II Ti atom is observed for Ud is 8 eV. We
confirmed that spin-up and -down defect states are observed
at the same energy level up to Ud=7 eV. Several previous
theoretical studies have reported that oxygen vacancy gives

TABLE II. The structural parameters a �Å� and c �Å�, bulk
modulus B �GPa�, and band-gap energy Eg �eV� calculated by
LDA+Ud+Up.

Ud

�eV�
Up

�eV�
a

�Å�
c

�Å� c /a
B

�GPa�
Eg

�eV�

8 3 4.574 3.004 0.657 290 2.58

8 4 4.562 2.997 0.657 282 2.67

8 5 4.547 2.993 0.658 289 2.77

8 6 4.532 2.986 0.659 269 2.87

8 7 4.518 2.980 0.660 269 2.98

8 8 4.500 2.973 0.661 281 3.11

8 9 4.483 2.965 0.661 296 3.24
FIG. 5. The density of states of 2�2�3 supercell TiO2

with oxygen vacancy calculated by �a� LDA+Ud and �b�
LDA+Ud+Up. Ud and Up ranges from 3 to 9 eV and Ud is fixed to
8 eV in the case of �b�. Spin-down density of states is not shown.
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rise to one energy level of defect states in TiO2.10–12 For
Ud=8 eV, however, the spin-down defect state disappears
and two spin-up defect states at a different energy level are
observed as shown in Fig. 6. This is clearly an artifact ob-
served at large Ud, supported also by the altering character of
the partial conduction-band structure. We also observed simi-
lar changes in density of states for Ud of 9 eV. Therefore, an
excess of Coulomb correction on the d orbitals may cause
local distortion in the electronic structure, and therefore its
usage should be well tested.

In order to understand the physical effects of how Ud

affects the atomic bonding in TiO2, the valence charge elec-
tron localization functions �ELF� were calculated by using
this formula:42

ELF = �1 + ��
2�−1, �1�

where

�� =
D�

D�
0 �2�

and

D�
0 =

3

5
�6�2�2/3	�

5/3, �3�

where 	 is the electron spin density and D�
0 corresponds to a

uniform electron gas with spin density equal to the local
value of 	��r�. The ratio �� is thus a dimensionless localiza-
tion index calibrated with respect to the uniform density
electron gas as reference. ELF gives account of the type of
bonding preferred and has a value between 0 and 1. The
value of 1 corresponds to perfectly localized regions, show-
ing mostly covalent bonding character. 0.5 corresponds to
electron gas indicating metallic nature while values between
0 and 0.5 indicate regions of low electron density, where
strong ionic interactions are dominated. The ELF for Ud=7
and 8 eV is shown in Fig. 7. The red region �core region of
each atom� in the oxygen-vacancy site shows that two elec-
trons are highly localized on the 3d orbitals in the proximity
of the vacancy site. The key difference of ELF between
LDA+Ud of 7 eV and LDA+Ud of 8 eV is the bonding
character for the nearest-neighboring Ti atoms and oxygen
vacancy. Electronic charge is transferred to the oxygen va-
cancy from the type-II Ti atom. The electron density in-
creases between the type-I Ti atoms and oxygen vacancy for
Ud=8 eV as compared to Ud=7 eV, showing enhanced hy-
bridization between type-I Ti and vacancy site with increas-
ing Ud and increased Coulomb repulsion between type-II Ti

FIG. 6. Partial density of states of three neighboring Ti atoms surrounding oxygen vacancy calculated by LDA+Ud �Ud=7 and 8 eV�. �a�
Type-I Ti and �b� type-II Ti. Additional defect state is observed for Ud=8 eV.

FIG. 7. �Color online� ELF and corresponding structural relax-
ation around neutral oxygen vacancy calculated by �a� LDA+Ud

�Ud=7 eV� and �b� LDA+Ud �Ud=8 eV�. Electrons are hardly
found in the blue region �background, ELF 0� and electrons are
highly localized in the red region �core region of each atom, ELF
1�.

FIG. 8. �Color online� �a� Partial density of states of Ti atoms
surrounding oxygen vacancy calculated by LDA+Ud+Up

�Ud=8 eV and Up=6 eV�. �b� Electron localization function and
structural relaxations of rutile TiO2 with one oxygen vacancy cal-
culated by LDA+Ud+Up �Ud=8 eV and Up=6 eV�.
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and the vacancy site. This significant change in the bonding
character is strongly related to the atomic relaxation around
the vacancy. The atomic displacements are the measured dis-
tances of the relaxed Ti atoms relative to the oxygen-vacancy
site. After relaxation, the three Ti atoms surrounding the oxy-
gen vacancy show outward relaxation from the vacancy
while the oxygen atoms show inward relaxation. This relax-
ation trend in TiO2 is controlled by the amount of charge
transfer from the Ti ions, as has been also observed in other
studies.41 However, there is a great discrepancy between the
amount of displacement of type-I and type-II Ti atoms for
LDA+Ud with Ud=7 and 8 eV. For Ud=7 eV the type-I and
type-II Ti atoms move away from vacancy by 0.3% and
0.6%, respectively. Nevertheless, the Ud=8 eV calculation
shows that type-I and type-II Ti atoms are relaxed by 5.9%
and 6.6%, respectively, significantly larger than the atomic
displacement for Ud=7 eV. This fact suggests that there are
indeed serious limitations for increasing Ud above 7 eV. It is
interesting to note that this additional defect state, the dis-
torted conduction bands and the enhanced relaxation ob-
served for strong Ud �8 and 9 eV� disappear if Up is em-
ployed in addition, at larger Ud values, in the LDA+U
calculation. The partial density of states of type-I and type-II
Ti atoms and ELF for LDA+Ud+Up �Ud=8 eV and
Up=6 eV� are shown in Fig. 8, where density of states ex-
hibits neither additional band-gap states nor distorted con-
duction bands as well as ELF shows similar bonding charac-
ter with LDA+Ud �Ud=7 eV�. These results lead us to the
conclusion that the over correction caused by the strong Ud

can be compensated by Up, and thus yielding a much better
agreement with experiment on the structural and electronic
parameters of rutile TiO2.

Next, we turn to the calculation of the oxygen-vacancy-
formation energy. The formation energy of neutral oxygen
vacancy Evf �eV� is calculated as

Evf = E�VO� − E�TiO2� + 
O, �4�

where E�VO� is the total energy of the TiO2 supercell con-
taining one neutral oxygen vacancy and E�TiO2� is the total
energy of the perfect TiO2 crystal in the same supercell. 
O
is an oxygen chemical potential. With pure LDA, the calcu-
lated total energy of oxygen molecule is −10.66 eV. Assum-

ing 
O is half the total energy of an oxygen molecule, the
formation energy is 4.61 eV. There have been few theoretical
attempts to calculate the formation energy of oxygen va-
cancy and the values obtained along with the approximations
used are shown in Table III. Islam et al.41 calculated the
formation energy of oxygen vacancy to be 4.47 eV with the
GGA which agrees well with the value of 4.44 obtained by
Cho et al.11 obtained with LDA. Bouzoubaa et al.43 also
reported that the formation energy of oxygen vacancy is
4.52 eV with GGA. In contrast, using LDA, Hameeuw
et al.44 obtained the formation energy of oxygen vacancy of
6.03 eV. Shu et al.45 and Iddir et al.46 found that the GGA
bulk vacancy-formation energies are 5.1 eV and 4.93 eV,
respectively. Therefore, there is considerable controversy
about the calculation of the formation energy of the oxygen
vacancy in TiO2. Experimental results of Kofstad47 and
Marucco et al.48 showed that the formation enthalpy of dou-
bly ionized oxygen vacancy is 4.55 eV and 4.57 eV, respec-
tively. Additionally Marucco et al. observed that full ioniza-
tion energies of neutral oxygen vacancy are not greater than
0.30 eV. Therefore the experimental formation energy of
neutral oxygen vacancy should be less than 4.55 eV by the
amount of 0.3 eV. The formation energies of oxygen vacancy
obtained from the LDA+U calculations for various Ud and
Up values are presented in Table IV. Up corrections are in-
cluded in the calculation of the energy of oxygen molecule.
The formation energies with LDA+U calculations are
slightly larger than that with the conventional pure LDA.
Although there are small discrepancies in vacancy-formation
energies, these values are almost independent of U param-
eters, since Eq. �1� includes the reference energy for the oxy-
gen molecule, which is corrected by Up parameters, and the
Ud and Up corrections are applied the total energy of TiO2
supercell. It is worth noting that absolute values of the for-

TABLE III. Theoretical results of oxygen-vacancy-formation energy in rutile TiO2.

Method Code Potential
Evf

�eV� Reference

GGA CRYSTAL03 4.47 Islam et al. �Ref. 41�
PW1PW CRYSTAL03 5.08 Islam et al. �Ref. 41�
LDA VASP PAW 4.44 Cho et al. �Ref. 11�
GGA VASP U.S.-PP 4.52 Bouzoubaa et al. �Ref. 43�
LDA QUANTUM-ESPRESSO U.S.-PP 6.03 Hameeuw et al. �Ref. 44�
GGA VASP PAW 5.10 Shu et al. �Ref. 45�
GGA VASP U.S.-PP 4.93 Iddir et al. �Ref. 46�
HSE VASP PAW 5.50 Janotti et al. �Ref. 39�
LDA VASP PAW 4.61 This work

TABLE IV. The formation energy of oxygen vacancy with vari-
ous values of Ud and Up.

Ud �eV� 3 4 5 6 7 8 9

Evf �eV� 5.41 5.68 6.05 6.10 6.11 5.83 5.66

Up �Ud=8 eV� 3 4 5 6 7 8 9

Evf �eV� 6.21 6.26 6.31 6.37 6.43 6.50 6.58
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mation energies calculated with the LDA+U method, as a
function of U, are arbitrarily determined. Therefore, it is
more practical to examine the transition states between dif-
ferent charged states of the vacancies then the absolute val-
ues of the formation energies.

In real TiO2, it is well known that positively charged oxy-
gen vacancies effectively dope TiO2 with electrons, resulting
in n-type semiconducting behavior.49 As shown in Fig. 9, we
calculated the spin density of states of rutile TiO2 with posi-
tively charged oxygen vacancies. LDA+Ud+Up, where Ud

=8 eV and Up=6 eV, is used in this calculation. In the case
of singly charged oxygen vacancy �VO

1+�, the spin-down de-
fect state shift toward the conduction-band minimum
whereas both spin-up and -down defect states are observed
below the conduction minimum for doubly charged oxygen
vacancy �VO

2+�. This asymmetric density of states particularly
in VO

1+ results in the ferromagnetic effect of undoped rutile
TiO2. Several experiments and theoretical investigations re-
ported that the oxygen vacancy induces a magnetic moment
in rutile TiO2.50,51 The different behavior of the electronic
states in different charge state of the oxygen vacancy is
linked to the atomic displacement of nearest-neighboring at-
oms surrounding oxygen vacancy. Figure 10 shows ELF and
structural relaxations of TiO2 with charged oxygen vacancy.
The neighboring Ti atoms show outward relaxation
5.8–7.6 % for VO

1+ and 12% for VO
2+, respectively, which are

much larger relaxation than 0.4% outward relaxation in neu-
tral oxygen vacancy. Similar results were observed by Janotti
and Van de Walle for ZnO.52 With the removal of electrons

from oxygen vacancies a weaker Coulomb interaction be-
tween Ti atoms and the vacancy site is observed, resulting in
larger displacement of the neighboring Ti atoms. As a result,
the empty defect states shift toward the bottom of the con-
duction band.

To determine the relative stability of the various charge
states of oxygen vacancy, we calculated the vacancy-
formation energy of the positively and negatively charged
oxygen vacancies using the following formula:

Evf�Vq� = E�Vq� − E�TiO2� + 1/2E�O2� + 
O + qEF, �5�

�Ref. 39� where E�Vq� is the total energy of the supercell
containing a vacancy in charge state q and E�TiO2� is the
total energy of perfect supercell. 
O is the chemical potential
of oxygen atom, which is a variable. This chemical potential
must satisfy the growth condition of TiO2, namely, 
Ti
+2
O=�Hf

TiO2 =−11.1 eV. In the extreme O-rich limit, 
O
=0. The Ti-rich limit is constrained by the formation of
Ti2O3; 2
Ti+3
O��Hf

Ti2O3 =19.1 eV, which gives 
O
=3.17 eV. The Fermi level EF is referenced to the valence-
band maximum �EF=0 eV� and EF term includes the energy
of the valence-band maximum in the stoichiometric system
and core-level electrostatic potential alignment between the
defect supercell and the perfect crystal. The calculated
vacancy-formation energies in relaxed and unrelaxed TiO2
supercells as a function of Fermi level are shown in Figs.
11�a� and 11�b�. Structural relaxation lowers the formation
energy of neutral vacancy �VO� and singly charged vacancy
�VO

1+� by amount of 0.23 eV and 1.28 eV, respectively. For
the doubly charged vacancy �VO

2+�, relaxation lowers the for-
mation energy by 2.95 eV, which is consistent with the dif-
ferent amount of lattice relaxation with respect to the charge
state as described above. We find the transition levels ��2
+ /+� and ��1+ /0� to be located in the band gap around 0.7
eV and 0.1 eV, respectively, below the conduction-band
minimum. The lowest formation energy of the doubly
charged vacancy �VO

2+� for a wide range of Fermi level ac-
counts for the observed n-type semiconducting behavior in
TiO2. Janotti et al.39 have been studied the vacancy-
formation energy in rutile TiO2 using hybrid functional ap-
proximations �HSE�. Similar behavior of lattice relaxation
was found for the various charge states of oxygen vacancy.
According to Janotti’s work, VO

2+ has the lowest formation

FIG. 9. Total spin density of states of rutile TiO2 with �a� VO
1+ and �b� VO

2+ calculated by LDA+Ud+Up �Ud=8 eV and Up=6 eV�.

FIG. 10. �Color online� Electron localization function and struc-
tural relaxations around charged oxygen vacancy in LDA+Ud+Up

�Ud=8 eV and Up=6 eV�. �a� VO
1+ and �b� VO

2+.
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energy for all values of the Fermi level and the transition
levels ��2+ /+� and ��1+ /0� are located above the
conduction-band minimum. This difference is attributed to
the electronic correlation approximations and remains to be
elucidated further for the LDA+U and HSE approximations.
Although there is a small difference, our results for the for-
mation of the charged vacancies essentially agree with the
results in several previous studies.46,53,54 The vacancy-
formation energy of rutile TiO2 in the limit of Ti-rich and
O-rich are shown in Figs. 11�b� and 11�c�. The formation
energy of the various charge states of the vacancy in Ti-rich
condition is lower than that in O-rich condition. The oxygen-
vacancy concentration increases when the chemical potential
of oxygen is lowered, due to its lower formation energy in
Ti-rich �O-poor� condition. Several experimental studies55,56

observed that electrical conductivity of TiO2 was found to
decrease with increasing oxygen partial pressure, i.e., the
oxygen-vacancy concentration might be crucial for fine tun-
ing the electrical properties of rutile TiO2.

IV. CONCLUSION

In summary, we have performed LDA calculation cor-
rected by including on-site Coulomb corrections between 3d
orbital electrons of Ti atoms and 2p orbital electrons of O

atoms for the study of oxygen-deficient rutile TiO2. The ob-
tained band-gap energy obtained by this calculation method
is in very good agreement with experimental value. The ad-
dition of Coulomb corrections for 2p orbital electrons �Up�
provides an improved description of the electronic proper-
ties. We find that the defect states associated with the oxygen
vacancy are positioned band gap. The electrons occupying
the defect state are localized on the 3d orbitals of the three Ti
atoms surrounding the oxygen vacancy. The formation en-
ergy of the doubly positively charged oxygen vacancy is the
lowest for a wide range of Fermi level values, in agreement
with the largest lattice relaxations around doubly charged
oxygen vacancy. The formation energy of oxygen vacancy is
a variable, which is strongly affected by the vacancy concen-
tration in the sample. Compared to the O-rich limit condi-
tion, the formation energy in Ti-rich �O-poor� limit condition
is lowered by 3.18 eV, indicating that higher oxygen-vacancy
concentration leads to an improved conduction in rutile
TiO2.
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